Abstract. In this paper we investigate the atomic level in the lattice of subvarieties of residuated lattices. In particular, we give infinitely many commutative atoms and construct continuum many non-commutative, representable atoms that satisfy the idempotent law; this answers Problem 8.6 of [12] . Moreover, we show that there are only two commutative idempotent atoms and only two cancellative atoms. Finally, we study the connections with the subvariety lattice of residuated bounded-lattices. We modify the construction mentioned above to obtain a continuum of idempotent, representable minimal varieties of residuated bounded-lattices and illustrate how the existing construction provides continuum many covers of the variety generated by the three-element non-integral residuated boundedlattice.
Introduction
A residuated lattice, or residuated lattice-ordered monoid, is an algebra L = L, ∧, ∨, · , \ , /, e such that L, ∧, ∨ is a lattice, L, · , e is a monoid and multiplication is residuated with respect to the order by the division operations \ , /; i.e., for all a, b, c ∈ L,
The last two equivalences can be written in equational form, see [5] , so the class RL of all residuated lattices is a variety.
Residuated lattices were first introduced in the late 1930's in a more restrictive form by M. Ward and R. P. Dilworth, see [18] , in their attempt to generalize the ideal lattices of rings with identity.
Residuated lattices provide algebraic semantics for substructural logics, logics that, when presented in a sequent calculus system, lack some of the three structural rules of exchange, contraction and weakening, see [12, 15, 16] . On the other hand, residuated lattices generalize well-studied algebraic structures, including latticeordered groups, Brouwerian algebras and (generalized) MV-algebras. The structure
Preliminaries
Note that RL is a congruence distributive variety, since the {∧, ∨}-reduct of a residuated lattice is a lattice. Actually, it is also congruence permutable, see [4, 12] , so it is arithmetical. Observe that in a residuated lattice, the division operations are determined by multiplication and the order; in particular, x/ y = {z | zy ≤ x} and y \ x = {z | yz ≤ x}.
In a residuated lattice term, we assume that multiplication has priority over the division operations, which, in turn, have priority over the lattice operations. So, for example, we write x/ yz ∧ u \ v for [x/ (yz)] ∧ (u \ v). We will be using the inequality t ≤ s instead of the equalities t = t ∧ s and t ∨ s = s in order to simplify the presentation, whenever appropriate.
Lemma 2.1. [5] Residuated lattices satisfy the following identities: It follows from (1), (2) and (3) of the previous lemma that multiplication is order preserving, and that the division operations are order preserving in the numerator and order reversing in the denominator.
A residuated lattice is called commutative (respectively, cancellative, idempotent ), if its monoid reduct is commutative (respectively, cancellative, idempotent). It is called integral, if its lattice reduct has a top element and the latter coincides with the multiplicative identity e. It is easy to see that a residuated lattice is cancellative if and only if it satisfies the identities x \ xy ≈ y ≈ yx/ x, see [2] , hence the class of all cancellative residuated lattices forms a variety. Note that in a residuated lattice commutativity is equivalent to x/ y ≈ y \ x.
The negative cone of a residuated lattice L = L, ∧, ∨, · , \ , /, e is the algebra x/ L − y = x/ y ∧ e. It is easy to verify that L − is a residuated lattice; obviously, L − is integral.
A generalized BL-algebra (GBL-algebra) is a residuated lattice that satisfies the identities ((x ∧ y) / y)y ≈ x ∧ y ≈ y(y \ (x ∧ y)). A generalized MV-algebra (GMValgebra) is a residuated lattice that satisfies the identities x/ ((x ∨ y) \ x) ≈ x ∨ y ≈ (x/ (x∨y)) \ x. For motivation on these definitions, connections to logic and further results, see [2, 10] . It can be shown that GMV-algebras are GBL-algebras, and that GBL-algebras have a distributive lattice reduct. A Brouwerian algebra is (term equivalent to) a residuated lattice that satisfies the law xy ≈ x ∧ y. It can be easily verified that every Brouwerian algebra is an integral GBL-algebra. We denote the corresponding varieties by GBL, GMV and Br.
For each element a in a residuated lattice L, we define two unary polynomials ρ a (x) = ax / a ∧ e and λ a (x) = a \ xa ∧ e, the right and left conjugate of x by a. An iterated conjugate is a composition, with respect to their arguments, of a number of left and right conjugates.
A subset N of L is called normal, if it is closed under conjugation; i.e., for all
Theorem 2.2. [5]
The convex normal subalgebras of a residuated lattice L form a lattice, CNS(L), which is isomorphic to the congruence lattice, ConL, of L via
A residuated lattice is called representable if it is isomorphic to a product of totally ordered residuated lattices. We denote the variety of all representable residuated lattices by RL C ; the choice of the superscript is motivated by the fact that the variety is generated by residuated lattices that are chains.
Theorem 2.3. [5, 12] The variety RL C is axiomatized relative to RL by the identity
General facts about atoms
In this section we describe the finitely generated atoms of L(RL).
A non-trivial algebra A is called strictly simple, if it lacks non-trivial proper subalgebras and congruences. Recall that, by Theorem 2.2, congruences on residuated lattices correspond to convex normal subalgebras. So, the absence of non-trivial proper subalgebras in a residuated lattice is enough to establish strict simplicity. Proof. It is clear that L, ∧, ∨ is a lattice and L, ∧, e is a monoid. Assume that x ∧ y ≤ z and let a denote the complement in
consequently,
Since y is the complement of
We call the residuated lattice L, ∧, ∨, ∧, \ , /, e a generalized Boolean algebra, as well, since the two algebras are definitionally equivalent. It is in this sense that we will use the term in the sequel. Thus, a generalized Boolean algebra is a residuated lattice such that every principal lattice filter is the lattice reduct of a Boolean algebra and multiplication coincides with meet. Note that other choices for multiplication can yield residuated lattices, as well, so we insist on the last condition. We denote the class of generalized Boolean algebras by GBA.
The only, up to isomorphism, two-element residuated lattice, which we denote by 2, is obviously a generalized Boolean algebra. The following proposition shows that the class GBA is a finitely axiomatized variety and that it is generated by 2. Additionally, we provide a number of equational bases for it. (
Vol. 52, 2004
Minimal varieties of residuated lattices 221
Proof. We will show that (1) ⇒ (3) ⇒ (4) ⇒ (2) ⇒ (5) ⇒ (1) and (6) ⇔ (1).
(1) ⇒ (3): It follows directly from the definition of a generalized Boolean algebra.
(3) ⇒ (4): The identity (4b) follows from the identity (3b), by substituting x∧y for x.
(4) ⇒ (2): Assume that L satisfies (4). We will show that it is a subdirect product of copies of 2. Let P be a prime filter of L and let f P : L → 2 be defined by f (x) = e iff x ∈ P . We will show that f is a residuated lattice homomorphism. It is clear that f P is a lattice homomorphism, thus a monoid homomorphism as well. To prove that it preserves the division operations, given their behavior on 2, we only need to show that x/ y ∈ P iff x ∈ P and y ∈ P .
First observe that (4a) implies that x ≈ x ∧ e. Assume that x/ y ∈ P and y ∈ P . Since x/ y = (x ∧ y) / y, by Lemma 2.1(2) and (9), and P is prime, we have e = (x ∧ y) / y ∨ y ∈ P , a contradiction. Assume that x/ y ∈ P and x ∈ P . Since x ≤ x/ y and P is a filter, we have x/ y ∈ P , a contradiction. Conversely, if x ∈ P , y ∈ P and x/y ∈ P , then x ≥ (x/y) ∧ y ∈ P , by Lemma 2.1(4); hence x ∈ P , a contradiction.
Since f P is a homomorphism, Ker(f P ) is a congruence on L. In order to prove that L is a subdirect product of copies of 2, we need only show that the intersection of the congruences above is the diagonal. This follows from the fact that in a distributive lattice any pair of elements (a, b) can be separated by a prime filter; i.e., for all a, b, there exists a prime filter P such that a ∈ P and b ∈ P , or b ∈ P and a ∈ P . Thus L is in V(2).
(2) ⇒ (5): It is trivial to check that 2 satisfies the identities in (5).
(5) ⇒ (1): Assume that x, y are elements of L, such that x ≤ y. We will show that x/ y is the complement of y in [x, e]. We have
It has already been mentioned that Brouwerian algebras have a distributive lattice reduct; so, L is distributive by (5a). Thus, every principal interval of L is a Boolean algebra.
(1) ⇔ (6): Having established the equivalence of (1) and (2), note that the algebra 2 satisfies the identity (6) . Conversely, suppose the equation (6) holds in L. For every element y of L we have e = e / (e \ y), so e ≤ e / y, i.e., y ≤ e. So, L is an integral residuated lattice. Moreover, for all x, y ∈ L, x = x/ (x \ y) 222 N. Galatos Algebra univers.
Thus, by (6) and Lemma 2.1(6), we have x 2 \ y = x \ y. By setting y = x 2 and y = x successively, we obtain x 2 = x, for all x ∈ L. Together with integrality this gives xy = x ∧ y, for all x, y ∈ L, since
Thus, L is a Brouwerian algebra; hence, it has a distributive lattice reduct. Assume now that y ≤ x. We will show that the complement of x in [y, e] is x \ y. Note that y ≤ x \ y, by integrality, so y ≤ x ∧ x \ y. On the other hand we have x ∧ (x \ y) ≤ y, by Lemma 2.1(4), thus x ∧ x \ y = y. Moreover, using Lemma 2.1 (3) and (2), we have
Using (5) of the previous proposition, it is not difficult to show that GBA = Br ∩ GMV. Moreover, by Corollary 3.2 and Proposition 4.2 the variety GBA is an atom. It is easy to see that it is the only atom below Br.
Every finite strictly simple residuated lattice different than 2 has to have a top element different than e; otherwise {⊥, e}, where ⊥ is the least element of the lattice, defines a subalgebra isomorphic to 2. Below we give an infinite list of examples of finite, commutative, totally ordered residuated lattices that are strictly simple and, consequently, generate distinct atoms in L(RL).
For every natural number
Define an order relation on T n , by u k ≤ u l iff k ≥ l, and u k < e < , for all positive natural numbers k, l ≤ n; see Figure 1 . Also, define multiplication by x = x = x, for all x = e; u k u l = u min{n,k+l} , for all k, l ∈ N + n ; and two division operations by x/ y = {z ∈ T n | zy ≤ x} and
Lemma 4.3. The variety V(T n ) is an atom in the subvariety lattice of RL, for every natural number n.
Proof. Note that the residuated lattice T n is generated by each of its non-identity elements. If x < e, then e/x = ; moreover, e / = u 1 and u k = u k 1 , for all k ≤ n. So, T n is strictly simple; hence it generates an atom by Corollary 3.2. We define the terms (x) = x ∨ e /x and u(x) = e / (x). Note that if a ∈ T n − {e}, then (a) = and u(a) = u.
For every non-zero natural number n, we denote by n the integral residuated lattice defined by the monoid on the set {e, a, a 2 , . . . , a n−1 }, under the linear order
It is easy to see that n is a GMV-algebra.
Proposition 4.4. For every positive natural number n, the following list of equations is an equational basis for V(T
Proof. It is easy to check that V(T n ) satisfies all the equations. Conversely, let L be a subdirectly irreducible residuated lattice that satisfies the equations. L has to be a chain, because of the first equation and Theorem 2.3. Consider first the negative cone L − of L. We will show that it is isomorphic to m, for some m ≤ n.
Equations (6) and (9) imply that L − is an integral commutative GBL-algebra; see [2, 10] for details. Note that the negative idempotent elements are of the form x n and that they form a subalgebra of L − . Indeed, they are closed under division by (8) , obviously closed under the lattice operations, and the product of any two such elements is their meet -if a ≤ b, then a = a 2 ≤ ab ≤ a. By the identity (7) and Proposition 4.2(6), this subalgebra is a generalized Boolean algebra. Since it is also totally ordered it is isomorphic to 2.
We will show now that L − is generated by a single element as a monoid. Assume that there are non-identity elements a ≤ b that are not powers of a common element.
, because of (9) and (6); and b k is an increasing sequence. So,
Since there are only two idempotent elements in L, either
In the first case, a = 0 = b n , so both a and b are powers of b. In the second case
, for all k, and induction, it is not hard to see that both b and a are
Observe that L has a strictly positive element a. Otherwise, L would be integral, so e / x = e, for all x ∈ L, hence (x) = e, i.e. u(x) = e. In that case, (5) would imply e · x = e, for all x ∈ A, a contradiction. By (3), we get a
Using equation (4), we have b = e /(b \ e) = e /u, so there is a unique strictly positive element = e /u in L. Finally, note that if m < n, then u n = u n−1 , thus u n / u n−1 ∧e = e, a fact that contradicts (10) . Thus, L is isomorphic to T n .
Corollary 4.5. There are infinitely many commutative, representable atoms in the subvariety lattice of RL.
The cardinality of the class of all representable, commutative atoms in L(RL) remains unknown to us. We conjecture, though, that there are only countably many such atoms.
Working toward a partial description of finite, commutative, strictly simple, residuated chains, we note that they have properties similar to the ones of the algebras T n . If e = e / , then e ≤ e / , i.e., ≤ e, a contradiction. So, e = e / . Note that e / = e / 2 = (e / ) / , by Lemma 2.1 (6) , so e / ≤ (e / ) / ; hence (e / ) ≤ e / . On the other hand, e / ≤ (e / ) , since e ≤ ; so (e / ) = (e / ).
It is easy to show that if x = x and y = y, then xy = xy, (x/ y) = x/ y and (e / x) = e / x. By the assumption of strict simplicity, for every element of a = e of L, there exists a term t a , such that a = t a ( ). By induction on the complexity of t a , it can be shown that x = x, for all x = e.
To show that e is covered by , note that if x > e, then ≤ x = x. It is obvious that e / ≤ e. If x < e, then x ≤ e, so x ≤ e / , hence e is a cover of e / .
The variety of lattice-ordered groups ( -groups), see [1] for the definition, is term equivalent to the subvariety LG of residuated lattices axiomatized by (e / x)x ≈ e, see [2, 10] for details. It is well known and easy to observe that the variety V(Z) generated by the -group of the integers under addition is the only -group atom. It is shown in [2] that V(Z − ), the variety generated by the negative cone of Z, is the only atom below the variety of negative cones of -groups. Both of these atoms are cancellative. Below we note that they actually are the only atoms below the variety of cancellative residuated lattices.
The following proposition shows that V(Z − ) and LG form a splitting pair in the subvariety lattice of cancellative residuated lattices; i.e., for every cancellative variety V of residuated lattices, either V ⊆ LG or V(Z − ) ⊆ V.
Proposition 4.7. For every cancellative residuated lattice, either it has Z − as a subalgebra or it is an -group.
Proof. Let L be a cancellative residuated lattice. Since division is order reversing in the denominator, for every negative element a, e ≤ e / a. Hence, either there exists a strictly negative element a of L such that e / a = e, or for every strictly negative element x of L, e < e/x. It is easy to see that in the first case the subalgebra generated by a is isomorphic to Z − . Since a < e, we get a n+1 ≤ a n , for every natural number n. Actually, a n+1 < a n , because otherwise, we would get a = e, by cancellativity. Moreover, a k+m /a m = a k and a m /a m+k = e, for all natural numbers m, k. Thus, the set of all powers of a defines a subalgebra of L isomorphic to Z − .
In the second case for every element a of L, consider the element x = (e / a)a; we have x ≤ e, by Lemma 2.1(4). It cannot be strictly negative because e /x = e /(e / a)a = (e / a) / (e / a) = e, by Lemma 2.1(6) and cancellativity; so x = e. Thus, L is an -group. 
Idempotent atoms
In view of Corollary 4.8, it makes sense to investigate the other end of the spectrum of atoms, i.e., varieties that are n-potent for some n. We will provide a continuum of idempotent, representable atoms.
For every set of integers
We define an order relation on N S by b i < b j < e < a k < a l , for all i, j, k, l ∈ Z such that i < j and k > l; see Figure 2 . Obviously, this is a total order on N S . We also define a multiplication operation by
Finally, we define two division operations on N S , by x/ y = {z | zy ≤ x} and y \ x = {z | yz ≤ x}; note that the joins exist.
It is easy to see that multiplication is associative and residuated by the division operations. So, we can define a residuated lattice N S with underlying set N S and operations the ones described above.
We will investigate for which sets S the variety generated by N S is an atom in the subvariety lattice of residuated lattices.
We define the following residuated lattice terms:
Moreover, we consider three binary relations defined by, x → y ⇔ r(x) = y or (x) = y.
A word over {0, 1} is a function w : A → {0, 1}, where A is a subinterval of Z; A is called the support, supp(w), of w. We call w finite (infinite, bi-infinite) if |A| < ω (A = N + , A = Z, respectively). If w is a word and v a finite word, we say v is a subword of w, if there exists an integer k, such that v(i) = w(i + k) for all i ∈ supp(v). Note that the characteristic function w S of a subset S of Z is a bi-infinite word. For two words w 1 , w 2 , define w 1 ≤ w 2 iff every finite subword of w 1 is a subword of w 2 . Obviously, ≤ is a pre-order. Define w 1 ∼ = w 2 iff w 1 ≤ w 2 ≤ w 1 . We call a bi-infinite word w minimal with respect to the pre-order ≤, if, for every bi-infinite word w , w ≤ w implies w ∼ = w .
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In the following we write x ≺ y for the fact that x is covered by y; i.e., x < y and for every z, if x ≤ z ≤ y, then z = x or z = y.
Lemma 5.1. The following properties hold for N S , for every S ⊆ Z.
If x is positive, then xy
= yx = x for t(x) < y ≤ x y for y < t(x) or x ≤ y. (7) For all x, y; x ∧ y, x ∨ y, xy ∈ {x, y}. (8) For all x, y; x/ y, y \ x ∈ {x, m(x), p(x),
t(x), m(t(x)), t(y), m(t(y)), p(t(y)}. (9) For every finite word v there exists a universal first order formula
Proof. It is easy to see that
holds. Moreover, (2) is obvious from the definition; (3)- (7) follow from (1); and (8) is routine to check. Finally for (9), the first order formula associated to a finite word v is
where n is the length of v; s i = x i , if v(i) = 1; and s i = y i , if v(i) = 0. Note that φ v is equivalent to a universally quantified formula in the language of residuated lattices.
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Corollary 5.2. The residuated lattice N S is strictly simple, for every set of integers S.
Proof. For all a, b ∈ N S − {e}, (a, b) is in the transitive closure of the relation → defined above. Thus, N S is strictly simple.
Lemma 5.3. Every non-trivial, one-generated subalgebra of an ultrapower of N S is isomorphic to N S , for some set of integers S .
Proof. Every first order formula true in N S is also true in an ultrapower of it. Since properties (2)- (8) of Lemma 5.1 can be expressed as first order formulas, they hold in every ultrapower of N S . By property (2), any ultrapower B of N S is totally ordered, so the same holds for every subalgebra of B. Let A be a non-trivial one-generated subalgebra of B and let a be a generator for A. The element a can be taken to be negative, since if a is positive, t(a) is negative, by property (4), and it generates A, because, by property (5), we have t(t(a)) = a.
By properties (7) and (8), A is the set of evaluations of the terms composed by the terms m, p, t and the constant term e. By property (5), these compositions reduce to one of the forms m n (x), p n (x), p n (t(x)) and m n (t(x)), for n a natural
) and a n = m n (t(a)), for all natural numbers n. By the remark above, A consists of exactly these elements together with e. Define a subset S of Z, by m ∈ S iff b m a m = b m and consider the map f :
By property (4), f is an order isomorphism and, consequently, a lattice isomorphism. Moreover, it is easy to check that f is a monoid homomorphism, using properties (3) and (6) . Every lattice isomorphism preserves existing joins, so f preserves the two division operations. Thus, A is isomorphic to N S .
Theorem 5.4. Let A be a one-generated residuated lattice and S a subset of
Proof. Let S be a set of integers, such that
where F is an ultrafilter over N that extends the filter of co-finite subsets, and
For every natural number n, define the finite approximations v n of the bi-infinite word w S , by v n (i) = w S (i), for all i ∈ [−n, n] Z . Since, w S ≤ w S , the words v n are subwords of w S , so for every natural number n there exists an integer K n , such that v n (i) = w S (K n + i), for all i ∈ supp(v n ) = [−n, n] Z . Letb = (b Kn ) n∈N , where b Kn ∈ N S . By Lemma 5.3, the subalgebra of B generated byb = [b], the equivalence class ofb under F , is isomorphic to NS, NS = {b i | i ∈ Z} ∪ {ã i | i ∈ Z} ∪ {ẽ}, for some subsetS of Z. We identify the subalgebra generated byb with NS and, without loss of generality, we chooseS such that b 0 =b. We will show thatS = S . We pick representativesb m andā m , forb m andã m , respectively, for all m ∈ Z, and we adopt a double subscript notation for their coordinates. So, there existb mn
It is easy to prove thatb
, using the definition ofb, Lemma 5.1(1), basic induction and the following facts:
Now, for |m| < n, i.e., m ∈ supp(v n ), we have
In other words,
Since the first set is in F , so is the second one. It is not hard to check that this means that: {n | b Kn+m a Kn+m = b Kn+m } ∈ F is equivalent to m ∈ S . So,b mãm =b m is equivalent to m ∈ S ; hence m ∈S iff m ∈ S . Thus,S = S For the converse, we will prove the implication for A ∈ SP u (N S ). This is sufficient since under a homomorphism every one generated subalgebra will either map isomorphically or to the identity element, because of the strictly simple nature of the algebras N S . Let A be a subalgebra of an ultrapower of N S . By Lemma 5.3, A is isomorphic to N S , for some subset S of Z.
To show that w S ≤ w S it suffices to show that, for every finite word v, if v is not a subword of w S , then it is not a subword of w S either. If v is not a subword of w S , then N S satisfies φ v of Lemma 5.1(9); hence so does every ultrapower of N S . Since φ v is universally quantified it is also satisfied by any subalgebra of an ultrapower of N S and in particular by N S . Thus, v is not a subword of w S . 
Corollary 5.5. Let S, S be sets of integers, then
The following corollary answers Problem 8.6 of [12] .
Corollary 5.6. There are uncountably many atoms in the subvariety lattice of
Proof. In [14] one can find a study on infinite and bi-infinite words. Among other things, words that are minimal with respect to the ≤ preorder are constructed. Such words have been re-discovered in different areas of mathematics and have numerous applications. One way to construct such a word is to consider a line on the plane. The lower mechanical word w corresponding to the line is obtained by approximating the line from below by a broken line, see Figure 3 . The admissible line segments of the approximating broken line have to have endpoints (x, y) and (x + 1, y + k x ), such that x, y are integers and k x = 0 or k x = 1. The word w is defined by w (x) = k x , for all x ∈ Z. It is shown in [14] that if has irrational slope then w is minimal. Moreover, if we consider only lines that contain the origin and have irrational slope, we obtain a class of size continuum such that all words are minimal and pairwise incomparable.
For a more precise definition of the lower mechanical word associated with a line and for the proofs of the facts mentioned above, the reader is referred to [14] .
The proof of the previous result relies heavily on the fact that the generating algebras are not commutative. If we add the restriction of commutativity, or even the weaker condition e / x ≈ x \ e, we get only finitely many atoms, actually only two, even without the assumption that they are representable.
Theorem 5.7. The varieties V(2) and V(T 1 ) are the only atoms below the variety
Proof. Assume A is a non trivial member of Mod(x 2 ≈ x, e / x ≈ x \ e) and let a be a negative element of A. Since a ≤ e, we have e ≤ e / a. If e /a = e, then {e, a} is a subuniverse of A. If e < e/a, set T = e / a and b = e /T . We will show 
We conclude this section with a remark on varieties generated by algebras similar to the ones of the form N S .
For every infinite word
denotes the set of positive integers. We define an order on N w , by b i < b j < e < a k < a l , for all i, j ∈ N and k, l ∈ N + , such that i < j and k > l; see Figure 4 . Obviously, this is a total order on N w . Let S w = {n ∈ N + | w(n) = 1} and define multiplication on N w , by
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Finally, we define two division operations on N S , by x/ y = {z | zy ≤ x} and y \ x = {z | yz ≤ x}; note that the joins exist. It is easy to see that multiplication is associative and residuated by the division operations. So, we can define a residuated lattice N w with underlying set N w and operations the ones described above.
For uniformity, if w is a bi-infinite word and S w = {n ∈ Z | w(n) = 1}, we set N w = N Sw . We prove the following result that complements Corollary 5.5(1). 
Sketch of proof.
(1)(a) First note that N w is strictly simple and, consequently, subdirectly irreducible. Following the ideas in the proof of Lemma 5.3, we can show that the one-generated subalgebras of an ultrapower of N w , where w is an infinite word, are either isomorphic to N w or of the form N S , for S ⊆ Z. Moreover, we can show that w S ≤ w, using the formula of Lemma 5.1 (9) . Homomorphic images preserve these facts, because N w and N S are strictly simple. Conversely, if w S ≤ w, then we can show that N S is isomorphic to a subalgebra of the ultrapower ( (2) This follows from the analysis on the subdirectly irreducibles mentioned in the previous paragraph.
Residuated bounded-lattices
e is a residuated lattice and ⊥ is its least element. By Lemma 2.1 every residuated bounded-lattice has a top element = ⊥ / ⊥. Thus, the ⊥-free reduct of a residuated bounded-lattice is a bounded residuated lattice. We denote the variety of residuated bounded-lattices by bRL. Residuated bounded-lattices have been considered in the context of logic, see [15, 16] , because of the natural interpretation of the bounds as absolute truth and falsehood.
Note that the congruence lattice of a residuated bounded-lattice is isomorphic to the congruence lattice of its ⊥-free reduct, because the expansion of the language by constants does not affect the congruence generation. Therefore, the congruences of a residuated bounded-lattice correspond to the convex normal subalgebras of its ⊥-free reduct.
In what follows we will identify specific bounded residuated lattices with their residuated bounded-lattice expansions. For example, we will denote by 2 the only, up to isomorphism, two-element residuated bounded-lattice.
Note that Proposition 3.1 and Corollary 3.2 extend to the bounded case, as well. So, V(2) and V(T n ), where n is a positive natural number, are atoms of L(bRL).
Below, we comment on the third level of L(bRL), whose elements we call almost minimal (non-trivial) varieties, following [13] . In particular, we explain why minimal varieties of L(RL) give rise to almost minimal varieties of L(bRL) that are covers of atoms like V(2) or V(T 1 ). 
If L is an integral residuated lattice, we can modify the above construction and obtain an algebra d(L), where d(L) = L ∪ {⊥} and the extension of the operations is defined in a similar way.
The constructions obtained using the operators b and d produce residuated bounded-lattices or bounded residuated lattices (depending on whether we include ⊥ in the type), as it is shown in [9] , and are special cases of a more general construction that we describe below. In particular, d preserves integrality.
We call an element a in an algebra A irreducible with respect to an n-ary operation f of A, if, for all a 1 , a 2 , . . . , a n ∈ A, f (a 1 , a 2 , . . . , a n ) = a implies a i = a, for some i. We call a totally irreducible, if it is irreducible with respect to all the operations of A.
Let K and L be residuated lattices and assume that K is integral or the identity element of K is totally irreducible; also, assume that either L is integral, or there is no element k ∈ K such that e / k = e or k \ e = e. In this case we say that K is admissible by L. A class K is admissible by a class L, if every algebra of K is admissible by every algebra of L. 
The residuated lattices T n , for n a positive natural number, and N w , for w an infinite or bi-infinite word are examples of algebras that are admissible by all residuated lattices. Proof.
(1) The proof for K = T 1 and K = 2 can be found in [9] . The proof for an arbitrary admissible K is straight-forward. 
It is not hard to see that, without loss of generality, we can chose k ∈ M − L, such that k < e. Thus, e ≤ e / k. If e < e/k, then k, e / k ∈ K, and k < e < e/k. So, 
. This is true, because every element of the the left hand side has a representative (I-sequence) that has all or none of its terms in K − {e}. Thus we can separate the elements in ones of type K and in ones of type L. The elements of type L form a subalgebra of the left hand side isomorphic to ( i∈I L i )/F . On the other hand, every element of type K is of the form [(k) i∈I ] F , for k ∈ K − {e}, since K is finite. Thus, the left hand side is
For the case O = S, note that every subalgebra 
Finally, assume that O = H. Note that no non-constant homomorphism on K[L] collapses any pair of elements of K, because in that case it would also collapse the identity element with the bottom element and the image of the map would be trivial. Moreover, if a homomorphism h collapses an element of K with an element of L, then h is constant. To see this assume that h(a) = h(k), for some a ∈ L and
Thus, we may assume that h(a) = h(k), for some a ∈ L and k ∈ K − {e} such that k < a or a < k. In the first case k < e and
In the second case e < k, e / k < e and
Since K lacks non-trivial subalgebras, for every element The existence of continuum many almost minimal varieties of L(bRL) was already known. In [13] a continuum of idempotent, commutative, integral varieties and a continuum of representable, commutative, integral varieties that are almost minimal in L(bRL) are constructed. However, none of the varieties constructed is both idempotent and representable.
As mentioned before, a continuum of atoms of L(RL) is given in [12] . The varieties are generated by totally ordered, bounded residuated lattices. The same algebras, viewed as residuated bounded-lattices, generate a continuum of representable atoms in L(bRL) that satisfy x 4 ≈ x 3 , but are not idempotent. Below we give a continuum of idempotent, representable atoms in L(bRL). Proof. (Sketch) We work as in Corollary 5.5. Now, we focus on the zero-generated subalgebra of an ultrapower of N w , and show that it is isomorphic to N w . Moreover, it has to be contained in every subalgebra of the ultrapower. If a homomorphic image of a subalgebra of an ultrapower collapses any two elements of the isomorphic copy of N w , it has to collapse the whole subalgebra. To see that, first recall that N w is strictly simple, so we may assume that The author would like to thank Peter Jipsen and the anonymous referee for their helpful remarks and suggestions.
